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THE EFFECT OF INTERNAL PRESSURE ON THE BUCKLING STRESS
OF THIN-WALLED CIRCULAR CYLINDZRS UNDER TORSION
By Harold Crate, S. B. Batdorf, and George W. Baab

SUMMARY

The results of a series of tests to determine the
effect of internal pressure on the buckling load of a
thin cylinder under an appllied torque 1indicated that
internal pressure ralses the shear buckling stress.
The exrerimental results were analyzed with the aid of
previously cdeveloped theory and a simple interaction
formula was derived.

INTRODUCTIOHN

The curved metal skin of a modern alrplene 1n
flight 1s subjJect to stresses that may cause the skin
to buckle, ard proper design of alrplane structures
requlires a lnowledge of the gstress conditions under
which buckling will occur. The abllity to estlimate the
buckling point under comblned loading conditlons 1s of
partlcular importance.

In order to determine the effect that normal pres-
sure, or alr loads, might have on the critlcal stress
for curved sheet, two preliminary tests were made (ref-
ences 1 and 2). A pronounced increase in critical
stress with lncrease in normal pressure was found, and
the subsequent interest shown by the aircraft induztry
In thls subject indicated the deslreblllity of further
study.

No well-established theorles for buckling of curved-
sheet panels elther 1n torslion or under hydrostatic
pressure are avallable; however, satlisfactory theories
for bucklling of complete cylinders under these loadings
have been advanced (references 3 and 4). In order to
effect some correilation between theory and experliment,
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therefore, an investigation wes made of the influence of
dnternal pressure on the critlcal stresses of thin
cylinders in torsion. Experliments were conducted to
determine the critical shear stresses for four cylinder
lengths at a number of &ifferent internal pressures.

The theorles and the experimental data were used in con-
Junction to determine an interaction formula for the
buckling of cylinders of moderate lenpgth under the com-
bined actlion of torsion and internal nressure.

SYMBOLS

Young's modulus of elasticity, psi
shear modulus of elasticity, psil

length of cylinder without rings, inches
length of cylinder between rings, lnches
thickness of cylinder wall, 1inches

ﬂdt"&*@l}d

diameter of cylinder, inches

radius of cylinder, inches

H

P internal rressure of cylinder, considered
poslitive when it produces tensile streasses
in cylinder walls, psi

(pcr) critical pressure in the absence of torsion
=0 (negative according to sign convention
adopted for p), psi

T shear stress 1n cylinder walls due to applied
torque, psi
Top value of shear stress when cylinder is at the

polnt of elastic instability, psi

(Tcr) _ critical shear stress in the absence of
p=0 internal pressure, psi

Rp pressure ratlo T——Ey—
Pcr =0
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" RgT ““"'shaar—utrese—rapio.u(_.

q - exponent of Rg 1n.the interaction formulsa

rotation of free end of cylinder, radlans

Kg coefficient used in Lundquist's empirical
formula (eppendix A)

¥.¥p differences in strain- gage readings

1 Polsson's ratio

SPECIMENS AND TEST PROCEDURE

Diagrams of the test-cylinder construction and
ring systems used are given in figure 1. The cylinder
was maede from 0.032-inch 243S~T alumlnum-alloy sheet
closely riveted around two heavy steel rings, one at
each end. The sheet was jolned along an element of the
cylinder with a butt jolnt covered with a single strap
on the outside. Rings made of 24S=-T aluminum alloy
were added to this cylinder and dlvided 1t into shorter
cylinders, the lengths of which were equal tec the ring
apacings,

Flgure 2 is a photograph of the apparatus used to
test the cylinder. The ends of thel cylinder were
closed by heavy flat steel plates in order that air
could be malntalned under pressure lnside the cylinder.
The welghts of the steel plate and test ring at the
free end of the cylinder were neutralized by an upward
load on one of the torque arms. Rotations of the free
end of’ the cylinder relative to the floor were measured
by a pair of dial gages.

Observed buckling loads at zero and at low internal
Pressure were determined as the loads at which there
was a sudden snap of the cylinder to the buckled state.
Thls snap action was 1n many cases preceded by a slow
growth of vislble wrinkles 1n the cylinder walls as the
load increased and a greatly increased rate of growth
of the wrinkles at close proximity to the snap-buckling
load. With increases in the lnternal pressure, the
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snap decreased in violence untlil 1t was no longer
observable. In these cases the buckling load was estl-
meted, on the basls of visual observations, to be that
load at which the rate of growth of wrinkles wlth load
was comparable with the rate of growth of wrinkles Just
prior to buckling in those cases in which snap buckling
aid oceur.

The Southwell method of determining the critlcal
stress of specimens with inlitial eccentricities was
assumed to be applicable to cyllinders subjected to
torslion and was used as a check on the visual determi-
nation, Two electrical strein gages were mounted on
opposite sides of the cyllinder wall at the crest of a
buckle, the location of which was determined by means of
a preliminary buckling test. The difference y in
readings of the straln gages on opposite sides of the
cylinder wall provided a numerical measure of the dis-
tortlon as the wrinkles grew. ,The Southwell method was

applled by plotting (y - ylz/?T - Tl) against y - 7y
where y; and T, were arbltrarily chosen 1nitial

values of each quantity (reférence 5). The inverse
slope of the stralght 1line formed 1In this manner 1s

Top = Tl where Tcr 1s the desired critical stress.

DISCUSSION OF RESTLTS

In filgure 3 the shear stress calculated from the
external load on the¢ cylinder 1s plotted against the
corresponding rotation of the free end for varilous
values of ring spacing and internal pressure. The
solid 1lines glve rotations computed by the formula

T 2L,
S =qg—7T

in which G was assumed to be 5,970,000 psi.

Prior to buckling, the stiffness of the cylinder in
torsion (slope of the curves) is essentially unaffected
by the internal pressure or by the ring spacing. The
rotatlons measured were slightly greater than those
predicted by the formula. This result may be attributed
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to the method of measurement, which considered as rota-
tlons many other. small effects, such as bending of the
column supporting the cylinde?, distortioh of rivets and
rivet holes, and taking up slack in the bolt holes in
the end plates.

The. experimental buckling stress in torslon without
pressure 1s compared wlth the predictions of Donnell
(reference 3) and Lundquist (reference 6) in the fol-
lowing table:

Critical shear stress, ksi

L/a
Experimental |Lundquist {Donnell
0.18 5.8 6.0 7.9
.36 3.9 4.2 4.9
-'72 3-0 5.0 3.3
1.43 2.3 2.3 2.3

Lundqulst's formula was derived for stress at faillure.
Except for very short cylinders, however, the shear
buckling stress and the stress at fallure are essen-
tlally the same. Donnell!s theoretical curve (solid
curve of fig. 4) and Lundquist's empirical forrula are
dlscussed more fully in appendlx A.

In figure 5 the buckling stresses under torsion
are plotted against the internal pressure for each
cylinder; this flgure indicates that the buckling
stresses increase as pressure Increases. The results
were essentlally the same whether the visual or the
Southwell method of determlining buckling loads was
used, although the Southwell method usually gave
slightly higher loads than the visual.

The buckled cylinder could be returned to the
unbuckled state elther by decreasing the torque or by
Increasing the pressure. The loads at which the buckles
diseppeared were determlined visually for cylinders 1,

2, and 3a, and are also shown 1n figure 5. These loads
were not recorded, however, for the remaining cylinders
because of & large scatter in the readings. This
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scatter 1s attributable to the fact that, as the cyline
ders became shorter, the disappearance of the buckles
became more gradual and the vlisual selectlon of a
"noint of disappearance! became difficult. In the case
of cylinder 2, 1n which the readings are relatively
definite, the locatlion of the curve indlcating dlsap-
pearance of buckles was the same for either an increase
of pressure or a reduction of torsion.

The method used to find the interaction formula
best representing the experimental data is glven 1in
appendix A. The analysis leads to a formula of the

type

Rgl + Ry = 1

where the value of the exponent gq depends upon the
assumptions made for (PGT)T—O and (Tcr)p—o' For

cylinders of moderate length, which according to
Donnell's analysis satisfy the ilnequality

305 <(-£‘-)2< 5%

the exponent q 1s equal to 1.89 to 2 using 7,,
derlved from Donnell's theoretical curve, the exact

value depending on the value of Lz/td concerned.
When T,, derived from Lundquist's empiricel formula

i1s used, q = 2.17.

In figure 6, curves representing the exponents
1.89, 2, and 2.17 are drawn through the experimental
data of flgure 5 replotted by a method explained 1n
appendix A. The three curves lle close together and,
so far as fit of deta 1s concerned, 1little basls exlists
for a cholce among them. Simplleclty and proxlmity to
the average value, however, recommend use of q = 2.
The equation then becomes
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The parameter L°/td, which according to theory
determines buckling behavior, may be varied by changing
the length, thickness, dlameter, or any comblnatlon of
dimensions. For thls reason, the restrictlon of the
tests to one thickness and one dlameter probably does
not constitute a signiflcant loss 1n generallty.

The questlion of the applicablllty of the formula to
curved panels is dlscussed brlefly 1n appendix B.

CONCLUSION

The critical stress of a cylinder in torsion
Increases as the internal pressure lincreases. The fol-
lowlng 1nteraction formula was found to represent
approximately the buckling of a cylinder of moderate
length under the combined effects of torsion end internal
pressure:

2 -
Rg® + Ry = 1

p

where Re 1s the ratio of critical shear stress with

internal pressure to crlitical shear stress without
internal pressure and Rp is the ratlio of internal

pressure to the critlcal pressure in the absence of
torsion.

Langley Memorial Aeronautlcal Laboratory,
Natlonal Advisory Committee for Aeronautics,
Langley Fleld, Va..
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APPENDIX A
DERIVATION OF INTERACTION FORMULA

Introductory Discusslon

Any attempt to determine which of the conventional
types of lnterection formulas best flts the experlimental
data presented in thils paper 1s complicated by the
question of which values to use for (pcr) 0 and

T=

(Tcr) o Experimental values for (Tcr)p=o were

obtained; but the corresponding experimental values of
(pcr)T_o were not investlgated because of the destruc-

tive effects on the cylinder involved In such a test.

A simple experimental result makes possible a derivation
of an interaction formula without necessaltating assump-
tlons concerning stress ratios or the type of formula

to be used.

The experlimental data appear to indicate that the
interactlon curves for the four cylinders tested are
identical, differing only 1n position. (See fig. E.)
The effect of & change of length appears to be a shift
of the curve parallel to the pressure axls. In flg-
ure 6 this effect 1s made clearer by plotting all the
data to a common p~lntercept. The curve for 5 = 1,43

1s shifted parallel to the p-axis a dlistance equal to
-(Per)rmo (@8 Elven by equatlon (5) which follows) in .

order to make the p-intercept zero. Fach of the other
curves 1s then shifted the proper dlstance for best
superposition. The relatively slight scatter shows
that the experimental curves are nearly superposable.

If it 18 assumed that the interactlon curves for
different lengths of cylinder are for practical pur-
poses ldentical, a computation of the equatlon for the
curves from theory 1ls possible. Among the pointa on
the curve of figure 6 are four, indlicated by modified
symbols, representing the speclal case p = 0 for the
four values of the length. DBecause the curve of figurei¥‘
represents T,, plotted agalinst p"(pcr)T—o’ these four

points represent (Tcr) o plotted agalnst '(pcr)T o
p: -
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for various values of the length. The formula for this
curve can therefors bBé obtained by eliminating the
length from the equations expressing (Tcr)p_o and

(pcr)7=0 in terms of L, 4, and t. The interaction

curve for a cylinder of glven dimensions can then be
obtained by shifting the origin to make the p-lntercept
equal to (pcr)T_o for that ecylinder. The interaction

formula may then be derived by finding simpliflied expres-
sions for (Tcr)p=0 and (pcr)T=o, eliminating L,

and transforming to gilve the flinal formula.

Simplified BExpressions for (Tcr)p—o

Two simplified expressions for (Tcr)p=0 are
derived, the first based on Donnell's curve (reference 3)
and the other on Lundquist's formula (reference 6).

Donnell's theorsetical result for the shear buckling
stress of thin-walled cylinders with simply supported
ends subjected to torsion is given by the solid curve of

figure 4. For cylinders of moderate length, the curve
is nearly a straight line given by the equation

-0 ¢53 -1.265
(Tcr)p=0 = 1.4E(%) (%) - (1a)

while for extremely large values of Lz/td a better
fit 1s given by the equation of the asymptote

(Tor)peo = 1.2’7E(%)-0.5(%)-1'25 (1b)

This essentlally straight portion of the curve 1sa
Included between the llimits

\2
sof < () < o8 @
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At the lower limit of inequality (2), equation (la) 1=
in error by about 15 percent end equation (1lb), by about
20 percent. (For the upper limit see reference 3.)

Lundqulst's formula 1s

p\-1.35
(TCI‘)p=0 = KSE(E) ;

where values of Ky are glven In reference 6 for various
values of L/r. 1In order to determine a formula for K,
the values of Kg were plotted against I/r on loga-
rithmic paper. (See fig. 7.) When IL/r > 0.5,

_ I' -0.46
Kg = 1.27(;)

At L/r = 0.35 (approximately the lower 1limit of
inequality (2) for the cylinder tested), the error in
this formula is about 7 percent. TUse of this value of
Ky 1leade to the formula

0. 46/ 1.3
Tor o T 2.56E(§) (%9. (3)

Simplified Expresslion for (pCP)T=o

A formula based on work by von Mises and develored
at the David Taylor Model Basin (equation (10) of refer-
ence 7) for the buckling of a closed cylinder under
hydrostatic pressure may be written

2.5
=£(t
2.6035 d)
005
af t
l - 0.455(3)
If, as in the inequality (2),

t L
303 < (6)2

_(pcr)1=o = (4)
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the denominator of equation (4) remains within 10 percent
of unlty, so that, to this degree of approximation,

| 2.5
-(Pcr)1=o = 2.603%(%) (5)

The negative sign appears because in the present paper
internal pressure is consldered positive.

The Interactilion Formula

For the sake of generality and, at the same time,
of simplicity in the derivatlion of the interaction
formule, equatlons (1) and (5) may be written

(Tcr)p=o = KpLf(d, t) (6)

-(pcr)T=o = Klefl(dvt) (7)

where X; &and Ko are arbitrary constants, m and n
are arbitrary exponents, and f; and fg are arbltrary

functions of diameter and thickness. Elimination of L
glves

This equation 1s the formula for the curve of flg-
ure 6, which is a plot of Ter &gainst p - (pOP)T—o

and therefore, when p = 0, & plot of (Tcr) 0 against

p:
'(pcr)1=0' In order to find the lnteraction formula,
substitute p =~ (pcr)T=o In place of -(pcr)T=o and
Ter 1n place of (Tcr)p=0 and simplify the resulting
expresslon. Thus,
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Ter &
s o= )

Dividing through by -(pcr)T_o and using equations (6)
and (7) ylelds

} p F 1= Ki1f1 [Ter m/n - | Ter Nk
(pcr)-r_-_-o Klefl\Kzfz (Tcr) p=0

A rearrangement of terms glves

. m/n
—cr_ + —E _ =1
[OET)p=;] (pcr)T=O

If Donnell's equation (la) 1s used with equation (&),

m_ 1 _
n - 0.55 " 1-89

or if Dennell's equation (1b) and equation (5) are used,

For purposes of simplification, let

Ter
Rg = ——d—
° (Tcr)pzo
Rp =

(PCT)T=0
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and

=]

q':

Then, the final formula may be written

.q 0 =
Ry +.Rp =1

13
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APPENDIX B
APPLICATION OF INTERACTION FORMULA TO CURVED PANELS

The theoretical analysis of the buckling of a
curved panel 1s much more Adlfflcult than the treatment
of complete cylinders., In the case of buckling under
torsion alone, the boundary concCltlions required for
panels grestly complicate the theoretical enalysis, It
may be presumed, however, that the added restraints
make the critlcal stress higher than that of a complete
cylinder of the same length, thickness, and curvature.
The relatlion between the pressure and the direct stresses
produced 1n the sheet l1s also much more complicated than
in the case of a complete cylinder. The axlial stresses
depend on the area of the end bulkhead and on the areas
of cross section of sheet and snar elements. It is
difficult to draw concluslons regarding the relatlon of
pressure to clrcumferontial stresses. It ls therefore
not to be expected that an interactlon formula established
for complete cylinders will necessarily apply to curved
sheet also.

Tn order to determine whether the interaction
formule derived 1n appendix A may be used to galn a rough
ldea of the strengthenling effect of 1ntemal pressure in
the case of curved panels, the formula I1s applied to the
test polnts of the two speclmens of reference 2, Figure
8 1s a sketch of the two apecimens tested. 1In fig-
ure 9 the experimental ehear buckling stresses are
plotted agalinst the lnternal pressurs.

Curves representing the interaction formula are
also plotted in figure 9., 1In order to apply the formula,
the experimentally determlined values of (Tcr)p=0 were

used; (pcr)1=0 s assumed tc be the seme as for a com-

Plete cylinder of 1dentlcal length, thickneas, and
curvature, and is found by applying equation (lt) of
appendix A, Falr agroement was obtalned between the
curves and the tesat points and the agreement might be
considerably improved by a more nrecise method of

deterrining (pcr)T=o.
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Figure 2.~ Test setup.
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